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Algorithm 1: The Bi-CR method
$x_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}}$ is an initial guess, $r_{0}^{\mathrm{B}\mathrm{C},\mathrm{R}}=b-Ax_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}}$, set $\beta_{-1}=0$ ,
$r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}$ is an arbitrary vector, such that $(A^{T}r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}, r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}})\neq 0$,











Bi-CR , $n$ $r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}}$ $p_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}}$ ,
$r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}*}$ $p_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}*}$ $R_{n}$ [7] $P_{n}$
$r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}}=$ ! $(A)r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}}$ , $p_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}}=P_{n}(A)r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}}$ , (2)
$r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}*}=R_{n}(A^{T})r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}$, $p_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}*}=P_{n}(A^{T})r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}$ (3)
. , $P_{n}$
$R_{0}(\lambda)$ $=$ 1, $P_{0}(\lambda)$ $=$ 1, (4)
$R_{n}(\lambda)$ $=$ 1 $(\lambda)-\alpha_{n-1}\lambda P_{n-1}(\lambda)$ , (5)
$P_{n}$ (\lambda ) $=$ $(\lambda)+\beta_{n-1}P_{n-1}$ (\lambda ), for $n=1,$ 2, . . . . (6)
$(5)-(6)$ $\alpha_{n-1},$ $\beta_{n-1}$ , (2) $r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}}$ $p_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}}$
[9].
$r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}}[perp] A^{T}K_{n}(A^{T};r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}))$
$Ap_{n}\mathrm{B}\mathrm{C}\mathrm{R}[perp] A^{T}K_{n}(A^{T};r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*})\sim$ . (7)
, Bi-CR .
, Bi-CR $\alpha_{n}$ $\beta_{n}$ .
(3) $r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}*}$ pBCR .
$r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}*}=R_{n}(A^{T})r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}=((-1)^{n} \prod_{i=0}^{n-1}\alpha_{i})(A^{T})^{n}r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}+z_{1}$ ,
$p_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}*}=P_{n}(A^{T})r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}=((-1)^{n} \prod_{i=0}^{n-1}\alpha_{i})(A^{T})^{n}r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}+z_{2}$ .






, Bi-CG (CGS , Bi-CGSTAB , GPBi-CG ) , Bi-CR
, .
3.1
Bi-CR , ’ Bi-CR
$r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}}$ , $n$ $H_{n}$ .
$r_{n}=H_{n}(A)r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}}=b-Ax_{n}$ . (10)
, $H_{n}(\lambda)$ .
$\ovalbox{\tt\small REJECT}(\lambda)$ $=$ $1$ , $G_{0}(\lambda)=\zeta_{0}$ , (11)
$H_{n}(\lambda)$ $=$ $H_{n-1}(\lambda)-\lambda G_{n-1}(\lambda)$ , (12)
$G_{n}(\lambda)$ $=$ \mbox{\boldmath $\zeta$}nHn $(\lambda)+\eta_{n}G$ -1 $(\lambda)$ , $n$ =1,2, $\ldots$ . (13)
, $\zeta_{n}=\alpha_{n},$ $\eta_{n}=\frac{\beta_{n-1}}{\alpha_{n-1}}\alpha_{n}$ $H_{n}$ $R_{n}$ .
3.2
$(4)-(6)$ (11)-(13) , $H_{n}R_{n},$ $H$n $R_{n+1},$ $\lambda G_{n-1}R_{n+1},$ $H_{n}P_{n}$ ,
$\lambda H_{n}P_{n+1},$ $\lambda G_{n}P_{n}$ , $G_{n}R_{n+1}$ .
hn+lR +l = $H_{n}R_{n+1}-\eta_{n}\lambda G_{n-1}R_{n+1}-\zeta_{n}\lambda H_{n}R_{n+1}$ (14)
$=$ $\sim nI?-\alpha_{n}\lambda LL_{n}\mathit{1}P_{n}-\lambda G_{n}I\sim+1$ , (15)
$H_{n}R_{n+1}$ $=$ $H_{n}R_{n}-\alpha_{n}\lambda H_{n}P_{n}$ , (16)
$\lambda G_{n}R_{n+2}$ $=$ HnRn+l-Hn+lR +l
$-\alpha_{n+1}\lambda$H$nI\mathrm{n}+1$ $+\alpha_{n+1}\lambda$H$n+1I\mathrm{t}+1$ , (17)
$H_{n+1}P_{n+1}$ $=$ $H_{n+1}R_{n+1}+\beta_{n}H_{n}P_{n}-\beta_{n}\lambda G_{n}P_{n}$ , (18)
$\lambda$H${}_{nn+1}P$ $=$ $\lambda H_{n}R_{n+}1$ $+\beta_{n}\lambda$Hn $P_{n}$ , (19)
$\lambda$G${}_{nn}P$ $=\zeta_{n}\lambda$h $n$P,
$+\eta_{n}$(H$n-1$R-H$n$h $+\beta_{n-1}\lambda$G${}_{n-1}P_{n-}1$ ) $,$ (20)













$t_{n}$ $=r_{n}-\alpha_{n}Ap_{n}$ , (24)
$y_{n+1}$ $=t_{n}-r_{n+1}-\alpha_{n+1}w_{n}+\alpha_{n+1}Ap_{n+1}$ , (25)
$p_{n+1}$ $=r_{n+1}+\beta_{n}(p_{n}-u_{n})$ , (26)
$w_{n}$ $=At_{n}+\beta_{n}Ap_{n}$ , (27)
$u_{n}$ $=$ $\zeta_{n}$Ap$n+\eta_{n}$ (t$n-1-rn+\beta_{n-}1un-1$ ) $,$ (28)
$z_{n}$ $=$ $\zeta_{n}r_{n}+\eta_{n}z_{n-1}-\alpha_{n}u_{n}$ . (29)
$x_{n+1}$ , $r_{n+1}=b-Ax_{n+1}$ (23)
$x_{n+1}=x_{n}\dotplus\alpha_{n}$p$n+zn$ (30)
$fg$ .
3.3 $\alpha_{n}$ $\sqrt n$
$H_{n}$ $(-1)^{n} \prod_{i=0}^{n-1}\zeta$i (7)
.
$(A^{T}r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}}‘, r_{n})=((-1)^{n} \prod_{i=0}^{n-1}\zeta_{i}$ ) $((A^{T})^{n+1}r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}, r_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}})$ , (31)
$(A^{T}r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*}, Ap_{n})=((-1)^{n} \prod_{i=0}^{n-1}\zeta_{i})((A^{T})^{n+1}r\mathrm{H}^{\mathrm{C}\mathrm{R}*}, Ap_{n}^{\mathrm{B}\mathrm{C}\mathrm{R}})$ . (32)
, $\alpha_{n}$ $\beta_{n}$ $(8)-(9)$ (31)-(32)
.
$\alpha_{n}=\frac{(A^{T}r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*},r_{n})}{(A^{T}r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*},Ap_{n})}$ , $\beta_{n}=\frac{\alpha_{n}}{\zeta_{n}}\cdot\frac{(A^{T}r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*},r_{n+1})}{(A^{T}r_{0}^{\mathrm{B}\mathrm{C}\mathrm{R}*},r_{n})}$. (33)
3.4 Bi-CR
(22)-(29) (30), $\alpha_{n}$ $\beta_{n}$ (33)
Bi-CR .
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Algorithm 2: Product-type methods based on Bi-CR
$x_{0}$ is an initial guess, $r_{0}=b-Ax_{0}$ ,
set $t_{-1}=w_{-1}=0,$ $\beta_{-}1$ $=0$ ,






compute $\zeta_{n},$ $\eta_{n}$ ,
$u_{n}=\zeta_{n}$Ap$n+\eta_{n}$ (t$n-1-rn+\beta n-1un-1$ ) $,$














$\eta_{n}$ Bi-CR . ,
, Bi-CG
Bi-CR , Bi-CG
(CGS , Bi-CGSTAB , GPBi-CG ) .
$\bullet$ C$ : $H_{n}=R_{n}$ $\zeta_{n}$ $\eta_{n}$ .
$\bullet$ Bi-CRSTAB : $\eta_{n}=0$ , $\zeta_{n}$ $||r_{n+1}||$ .
$\bullet$ GPBi-CG : $\zeta_{\mathrm{n}}$ $\eta_{n}$ $||r_{n+1}||$ .
, Table 1
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Table 1. The choice for the product-type methods $\mathrm{b}\mathrm{a}\mathrm{s}^{\backslash }\mathrm{e}\mathrm{d}$ on the Bi-CR method.
, Bi-CR Table 2
Table 2. Summary of operations for iteration.
Matrix-
Inner Vector
Method Product AXPY Product
Bi-CR 2 6 1+1
CRS 2 6 2
Bi-CRSTAB 4 6 2
GPBi-CR 7 12 2
, “ $1+1$” , . . “AXPY’
, $(\mathrm{a}x+y)$ .
4
, Harwell-Boeing collection [3], NEP collection [1], SPARSKIT collection [8],
Tim Davis’s collection [2] , (ADD”, MENPLUS),
(CAVITY05), (CDDEI), (DW2048),
(FS5414), $(\mathrm{O}\mathrm{R}\mathrm{S}^{*}, \mathrm{S}\mathrm{H}\mathrm{E}\mathrm{R}\mathrm{M}\mathrm{A}\mathrm{N}^{*})$ , (PDE2961),
(WATTI) Bi-CR (CRS , $\mathrm{B}\mathrm{i}$-CRSTAB ,
GPBi-CR ) Bi-CG (CGS , Bi-CGSTAB , GPBi-CG ) ,
.
, ALPHA STATION $(750\mathrm{M}\mathrm{H}\mathrm{z})$ , FORTRAN
, . ,
$x_{0}=[0,0, \cdot. . , 0]^{T}$ , $11t||/||b||\leq 1.0\cross 10^{-12}$ .
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Table 3. Test problems ($N=$ order of matrix, $NNZ=$ nonzeros in matrix) and Its (the
number of iterations) for the iterative methods.
—
Its
Matrix $\mathrm{N}$ $\mathrm{N}\mathrm{N}\mathrm{Z}$ $\mathrm{C}\mathrm{G}\mathrm{S}$ $\mathrm{C}\mathrm{R}\mathrm{S}$ GSTA RSTA GPBCG GPBCR
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Table 4. Test prOblems( $N=\mathrm{o}\mathrm{r}\mathrm{d}\mathrm{e}\mathrm{r}$ of matrix, $NNZ=\mathrm{n}\mathrm{o}\mathrm{n}\mathrm{z}\mathrm{e}\mathrm{r}\mathrm{o}\mathrm{s}$ in matrix) and $\mathrm{T}\mathrm{R}\mathrm{R}$
( $\log$ of the final true relative residual 2-norm) for the iterative methods.
$\mathrm{T}\mathrm{R}\mathrm{R}$
Matrix $\mathrm{N}$ $\mathrm{N}\mathrm{N}\mathrm{Z}$ $\mathrm{C}\mathrm{G}\mathrm{S}$ $\mathrm{C}\mathrm{R}\mathrm{S}$ GSTA GPBCR
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ADD32 4960 23884 12.00 -12.29 -12.05 -12.18
CAVITY05 1182 32747 12.10 -12.19 -11.97 -11.58
–





$-.....03 \frac{- 8- 6- 6- 9}{10}99317852$ $– 11.74- 11.59- 11.77- 11.83- 9.56$
$- 12.01- 11.62- 11.79- 11.86- 9.48–$
$- 11.73- 11.57- 7.34$
$- 11.77- 8.20$
DW2048 2048 10114 -11.32 -12.09
MENPLUS 7758 126150 -9.89 j‘ 3$($
ORSIRRI 6858
ORSIRR2 886 -10.99
ORSREGI 2205 14133 -12.08 $- 11.\overline{\overline{9}}3-$ -12.08-11.92
PDE2961 2961 14585 -12.46 -12.11 -12.31 -12.00 -12.16 -13.06
$\mathrm{S}\mathrm{H}\mathrm{E}\mathrm{R},\mathrm{M}\mathrm{A}\mathrm{N}1$ 1000 3750 12.18 -12.01 1207 -12.07
SHERMAN5 3312 20793 -3.99 $’ \backslash \backslash ’.(\frac{j_{\backslash i_{\backslash }^{\hat{J}}}\acute\grave\prime}{_{j_{\sqrt}}},\mathrm{j}’..\backslash ’\grave{\ddot{\mathfrak{g}}}_{\grave{\acute{i}}}^{\backslash \cdot\hat{\lrcorner}}\dot{\grave{8}}_{\backslash }.’-\dot{\grave{\acute{\dot{\mathfrak{B}}}}}_{j}’..\backslash \backslash \prime\prime\backslash ,.\dot{\grave{d}}\backslash ’\backslash \cdot..$ -11.74-11.30 -9.79 $\langle_{\frac{\backslash j_{j_{\backslash }}}{_{\acute{j}_{\backslash }’}^{\backslash }}\grave{\dot{\grave{\lambda}}}^{i}\acute{\grave{\lambda}}^{\backslash \prime}\acute{\grave{\dot{\grave{x}}}}^{\acute{\backslash }}\grave{4}^{\backslash }\acute{j}}\backslash ’\backslash ’.\cdot..\cdot,\backslash ’\cdot\grave{.}J\backslash ’\backslash \cdot\backslash ’\backslash \prime j_{\backslash ,\langle^{\backslash j}}’j\wedge\backslash _{\prime}’\backslash \cdot.,\backslash ,$ .
WATTI 1856 11360 $- 1\underline{2.1}5-$ -12.15 -12.03-12.10 -9.17 -8.65
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[ ]
(Its) Table 3 ,
(TRR: $\log||b-Ax_{n}||/||b||$ ) Table 4 Table 3, 4
“GSTA” “RSTA” “Bi-CGSTAB” “Bi-CRSTAB” , “GPBCG”
“GPBCR” “GPBi-CG” “GPBi-CR” . Table 3
$\backslash .\cdot\backslash \backslash .\cdot.\cdot-..\cdot\cdot-_{\backslash }\wedge\backslash \backslash \backslash \cdot.i:j\backslash \cdot$ , CGS CRS , Bi-CGSTAB Bi-CRSTAB , GPBi-CG
GPBi-CR 10 % .




Table 3 \emptyset \emptyset
1. C$ , CGS .
2. Bi-CRSTAB Bi-CGSTAB , .
3. GPBi-CR , GPBi-CG .
1. CGS CRS ,
.
2. Bi-CRSTAB Bi-CGSTAB , .






. CRS , CGS ,
.
[1] Bai, Z., Day, D., Demmel, J. and Dongarra, J., ATest Matfix CoUection for Non-
Hermitian Eigenvalue Problems, Technical Report CS-97-355, Department of Com-
puter Science, University of Tennessee, Knoxville, $\mathrm{T}\mathrm{N},$ March, 1997.
[2] Davis, T., Sparse Matrix Collection, NA Digest, Vol. 94, Issue 42, October 1994.
30
[3] Duff, I. S., Grimes, R. G. and Lewis, J. G., User’s Guide for the Harwell-Boeing
Sparse Matrix Collection, Technical Report RAL-92-086, Rutherford Appleton Lab-
oratory, Chilton, $\mathrm{U}\mathrm{K},$ $1992$ .
[4] Fletcher, R., Conjugate Gradient Methods for Indefinite Systems, Lecture Notes in
Mathematics, 506 (1976), 73-89.
[5] Hestenes, M. R. and Stiefel, E., Methods of Conjugate Gradients for Solving Linear
Systems, J. ${\rm Res}.$ Nat. $\mathrm{B}\mathrm{u}\mathrm{r}$ . Standards, 49 (1952), 409-436.
[6] Golub, G. H. and van Loan, C. F., Matrix Computations, 3rd ed., The Johns Hopkins
University Press, Baltimore and London, 1996.
[7] Lanczos, C., Solution of Systems of Linear Equations by Minimized Iterations, J.
${\rm Res}$ . Nat. Bur. Standards, 49 (1952), 33-53.
[8] Saad, Y., SPARSKIT: A Basic Tool Kit for Sparse Matrix Computation, Tech. Rep.
CSRD $\mathrm{T}\mathrm{R}$ 1029, CSRD, University of Illinois, Urbana, IL, 1990.
[9] Sogabe, T. and Zhang, S.-L., Extended Conjugate Residual Methods for Solving
Nonsymmetric Linear Systems, Proceedings of International Conference on Numeri-
cal Linear Algebra and Optimization, 2003, (submitted).
[10] Sonneveld, P., CGS: A Fast Lanczos-type Solver for Nonsymmetric Linear Systems,
SIAM J. Sci. Stat. Comput., 10 (1989), 36-52.
[11] van der Vorst, $\mathrm{H}’$ . A., $\mathrm{B}\mathrm{i}$-CGSTAB: A Fast and Smoothly Converging Variant of Bi-
CG for the Solution of Nonsymmetric Linear Systems, SIAM J. Sci. Stat. Comput.,
13 (1992), 631-644.
[12] Zhang, S.-L., GPBi-CG: Generalized Product-type Methods Based on $\mathrm{B}\mathrm{i}$-CG for
Solving Nonsymmetric Linear Systems, SIAM J. Sci. Comput., 18 (1997), 537-551.
